Abstract Submanifolds of a manifold are described as sections of a certain fiber bundle that enables one to consider their Lagrangian and (polysymplectic) Hamiltonian dynamics as that of a particular classical field theory. In particular, their Lagrangians and Hamiltonians must satisfy rather restrictive Noether identities. For instance, this is the case of relativistic mechanics and classical string theory.
Introduction
As is well known, fiber bundles and jet manifolds of their sections provide an adequate mathematical formulation of classical field theory. In particular, field Lagrangians and their Euler-Lagrange operators are algebraically described as elements of the variational bicomplex [1, 2, 3] . This description is extended to Lagrangian theory of odd fields [4, 5, 6] . The Hamiltonian counterpart of first-order Lagrangian theory on fiber bundles is covariant Hamiltonian formalism developed in multisymplectic, polysymplectic, and Hamilton -De Donder) variants (see, e.g., [7, 8, 9, 10, 11] ).
Jets of sections of fiber bundles are particular jets of submanifolds. Namely, a space of jets of submanifolds admits a cover by charts of jets of sections [7, 12, 13] . Three-velocities in relativistic mechanics exemplify first order jets of submanifolds [14, 15] . A problem is that differential forms on jets of submanifolds do not constitute a variational bicomplex because horizontal forms (e.g., Lagrangians) are not preserved under coordinate transformations.
We consider n-dimensional submanifolds of an m-dimensional smooth real manifold Z, and associate to them sections of a trivial fiber bundle Z Q = Q×Z → Q, where Q is some ndimensional manifold. Here, we restrict our consideration to first order jets of submanifolds, and state their relation to jets of sections of the fiber bundle Z Q → Q (the formulas (17) , (19) , and Proposition 1). This relation fails to be one-to-one correspondence. The ambiguity contains, e.g., diffeomorphisms of Q. Then Lagrangian and (polysymplectic) Hamiltonian formalism on a fiber bundle Z Q → Q is developed in a standard way, but Lagrangians and Hamiltonians are required to be variationally invariant under the above mentioned diffeomorphisms of Q. This invariance however leads to rather restrictive Noether identities (31) and (48) which these Lagrangians and Hamiltonians must satisfy, unless other fields are introduced.
In a different way, one can choose some subbundle of the fiber bundle Z Q → Q in order to avoid the above mentioned ambiguity between jets of subbundles of Z and jets of sections of Z Q → Q. Since such a subbundle itself need not be a jet manifold of some fiber bundle, it is a nonholonomic constraint. For instance, this is the case of relativistic mechanics, phrased in terms of four-velocities.
Jets of submanifolds
Given an m-dimensional smooth real manifold Z, a k-order jet of n-dimensional submanifolds of Z at a point z ∈ Z is defined as the equivalence class j k z S of n-dimensional imbedded submanifolds of Z through z which are tangent to each other at z with order k ≥ 0. Namely, two submanifolds i S : S ֒→ Z, i S ′ : S ′ ֒→ Z through a point z ∈ Z belong to the same equivalence class j k z S iff the images of the k-tangent morphisms 
where s are sections of Y → X. This injection defines a chart on J k n Z. These charts provide a manifold atlas of J k n Z. Here, we restrict our consideration to first order jets of submanifolds. There is obvious one-to-one correspondence ζ :
between the jets j 1 z S at a point z ∈ Z and the n-dimensional vector subspaces of the tangent space T z Z of Z at z. It follows that J 1 n Z is a fiber bundle
in Grassmann manifolds. It possesses the following coordinate atlas. Let {(U; z µ )} be a coordinate atlas of Z. Though J 0 n Z = Z, let us provide J 0 m Z with the atlas obtained by replacing every chart (U, z A ) of Z with the m n = m! n!(m − n)! charts on U which correspond to different partitions of (z A ) in collections of n and m − n
The transition functions between the coordinate charts (3) of J 0 n Z associated with a coordinate chart (U, z A ) of Z reduce to an exchange between coordinates x a and y i . Transition functions between arbitrary coordinate charts of the manifold J 0 n Z take the form
Given an atlas of coordinate charts (3) -(4) of the manifold J 0 n Z, the first order jet manifold J 1 n Z is endowed with the coordinate charts
possessing the following transition functions. With respect to the coordinates (5) on the jet manifold J 1 n Z and the induced fiber coordinates (ẋ a ,ẏ i ) on the tangent bundle T Z, the above mentioned correspondence ζ (1) reads
It implies the relations
which jet coordinates y Hence, we obtain the transformation law of first order jet coordinates
For instance, these are the Lorentz transformation of three-velocities in relativistic mechanics. In particular, if coordinate transition functions x ′a (4) are independent of coordinates y k , the transformation law (8) comes to the familiar transformations of jets of sections.
A glance at the transformations (8) shows that, in contrast with a fiber bundle of jets of sections, the fiber bundle (2) is not affine. In particular, one generalizes the notion of a connection on fiber bundles and treat global sections of the jet bundle (2) as preconnections [13] . However, a global section of this bundle need not exist ( [16] , Theorem 27.18).
Given a coordinate chart (5) of
n Z as the first order jet manifold J 1 U of sections of the fiber bundle
The graded differential algebra O * (ρ −1 (U)) of exterior forms on ρ −1 (U) is generated by horizontal forms dx a and contact forms dy i −y i a dx a . Coordinate transformations (4) and (8) preserve the ideal of contact forms, but horizontal forms are not transformed into horizontal forms, unless coordinate transition functions x ′a (4) are independent of coordinates y k .
Therefore, one can develop first order Lagrangian formalism with a Lagrangian L = Ld n x on a coordinate chart ρ −1 (U), but this Lagrangian fails to be globally defined on J 1 n Z. In order to overcome this difficulty, let us consider an above mentioned product Z Q = Q × Z of Z and an n-dimensional real smooth manifold Q. We have a trivial fiber bundle
whose trivialization throughout holds fixed. This fiber bundle is provided with an atlas of coordinate charts
where (U; x a , y i ) are the above mentioned coordinate charts (3) of the manifold J 0 n Z. The coordinate charts (11) possess transition functions
Let J 1 Z Q be the first order jet manifold of the fiber bundle (10) . Since the trivialization (10) is fixed, it is a vector bundle π 1 : J 1 Z Q → Z Q isomorphic to the tensor product
of the cotangent bundle T * Q of Q and the tangent bundle T Z of Z over Z Q . Given a coordinate atlas (11) - (12) of Z Q , the jet manifold J 1 Z Q is endowed with the coordinate charts
possessing transition functions
Relative to coordinates (14) , the isomorphism (13) takes the form
Obviously, a jet (q µ , x a , y i , x 
Since regular elements of J 1 Z Q characterize jets of submanifolds of Z, one hopes to describe the dynamics of submanifolds of a manifold Z as that of sections of the fiber bundle (10) . For this purpose, let us refine the relation between elements of the jet manifolds J
Let us consider the manifold product Q × J 1 n Z. Of course, it is a bundle over Z Q . Given a coordinate atlas (11) - (12) of Z Q , this product is endowed with the coordinate charts
possessing transition functions (8) . Let us assign to an element (q µ , x a , y i , y 
These elements make up an n 2 -dimensional vector space. The relations (17) are maintained under coordinate transformations (12) and the induced transformations of the charts (14) and (16) as follows:
Thus, one can associate
to each element of the manifold Q × J 1 n Z an n 2 -dimensional vector space in the jet manifold
) of a fiber of the tensor bundle (13) at a point (q µ , x a , y i ). This subspace always contains regular elements, e.g., whose coordinates x a µ form a nondegenerate n × n matrix. Conversely, given a regular element j 
For instance, this is the well-known relation between three-and four-velocities in relativistic mechanics. Thus, we have shown the following. Let (q µ , z A ) further be arbitrary coordinates on the product Z Q (10) and (q µ , z A , z (19 Basing on this result, we can describe the dynamics of n-dimensional submanifolds of a manifold Z as that of sections of the fiber bundle Q × Z → Q for some n-dimensional manifold Q.
Lagrangian dynamics of submanifolds
Let Z Q be a fiber bundle (10) A first order Lagrangian in Lagrangian formalism on a fiber bundle Z Q → Q is defined as a horizontal density
Let us recall the notation of contact forms θ
on the jet manifold J 1 Z Q . The corresponding Euler-Lagrange operator reads
It yields the Euler-Lagrange equations
Let u = u µ ∂ µ + u A ∂ A be a vector field on Z Q . Its jet prolongation onto
It admits the vertical splitting
The Lie derivative L u L of a Lagrangian L along a vector field u obeys the first variational formula
where
is the Poincaré-Cartan form and [5, 17] . A vertical variational symmetry depending on parameters is called a gauge symmetry. Here we restrict our consideration to gauge symmetries u which are linear in parameters and their first derivatives, i.e.,
where u A are functions of q µ , z B and the jets z 
For instance, let us consider an arbitrary vector field u = u µ (q ν )∂ µ on Q. It is an infinitesimal generator of a one-parameter group of local diffeomorphisms of Q. Since Z Q → Q is a trivial bundle, this vector field gives rise to a vector field u = u µ ∂ µ on Z Q , and its jet prolongation (23) onto
One can regard it as a generalized vector field depending on parameter functions u µ (q ν ).
In accordance with Proposition 1, it seems reasonable to require that, in order to describe jets of submanifolds of Z, a Lagrangian L on J 1 Z Q is independent on coordinates of Q and must be variationally invariant under u (30) or, equivalently, its vertical part
Then the variational derivatives of this Lagrangian obey irreducible Noether identities (29) which read z
These Noether identities are rather restrictive, unless other fields are introduced. In order to extend Lagrangian formalism on Z Q to other fields, one can use the following two constructions: (i) a bundle product Z Q × Z ′ of Z Q and some bundle Z ′ → Q bundle over Q (e.g., a tensor bundle
(ii) a bundle E → Z and its pull-back E Q onto Q × Z which is a composite bundle
Let E → Z be provided with bundle coordinates (z A , s i ). Its pull-back E Q onto Z Q possesses coordinates (q µ , z A , s i ). Accordingly, the pull-back Q × J 1 E of the first order 
Due to the morphism (34), any connection
on a fiber bundle E → Z yields the covariant derivative
on the composite bundle E Q → Q. Given a fiber bundle Z Q × Z ′ or a composite fiber bundle E Q (32), an extended Lagrangian is defined on the jet manifolds
Q E Q → Q which may contribute to a Lagrangian (see, e.g., a relativistic particle in the presence of an electromagnetic field).
Hamiltonian dynamics of submanifolds
Here, we follow polysymplectic Hamiltonian formalism which aims to describe field systems with nonregular Lagrangians [7, 8, 19, 20] . Lagrangian and polysymplectic Hamiltonian formalisms are equivalent in the case of hyperregular Lagrangians, but a nonregular Lagrangian admits different associated Hamiltonians, if any. At the same time, there is a comprehensive relation between these formalisms in the case of almost-regular Lagrangians.
Given a fiber bundle Z Q (10) and its vertical cotangent bundle V * Z Q , let us consider the fiber bundle
It plays the role of a momentum phase space of covariant Hamiltonian field theory. Given coordinates (q µ , z A ) on Z Q , this fiber bundle is coordinated by (q µ , z A , p 
Every Lagrangian L on the jet manifold J 1 Z Q yields the Legendre map 
. It is endowed with the canonical multisymplectic form
There is a trivial one-dimensional bundle Π → Π. Then a Hamiltonian H on the momentum phase space Π (37) is defined as a section p = −H of this fiber bundle. The pull-back of the multisymplectic form Ξ onto Π by a Hamiltonian H is a Hamiltonian form
on Π. The corresponding Hamilton equations with respect to the polysymplectic form Ω Π (38) read
A key point is that these Hamilton equations coincide with the Euler-Lagrange equations of the first order Lagrangian
on the jet manifold J 1 Π of Π → Q. Indeed, its variational derivatives are
Any Hamiltonian form H (40) on Π yields the Hamiltonian map
A Hamiltonian H on Π is said to be associated to a Lagrangian L on J 1 Z Q if it satisfies the relations
If an associated Hamiltonian H exists, the Lagrangian constraint space N L is given by the coordinate equalities (44). The relation between Lagrangian and polysymplectic Hamiltonian formalisms is based on the following facts.
(i) Let a Lagrangian L be almost regular, and let us assume that it admits an associated Hamiltonian H, which however need not be unique, unless L is hyperregular. In this case, the Poincaré-Cartan form H L (26) is the pull-back H L = L * H of the Hamiltonian form H (40) for any associated Hamiltonian H. Note that a local associated Hamiltonian always exists. The Poincaré-Cartan form H is a Lepagean equivalent both of the original Lagrangian L on J 1 Z Q and the Lagrangian 
and the constrained Lagrangian
As a result, one can show that a section S of the jet bundle 
onto the Legendre bundle Π. Then we obtain its prolongation
For instance, let u = u µ ∂ µ be an arbitrary vector field on Q. Since Z Q → Q is a trivial bundle, this vector field gives rise to a vector field u = u µ ∂ µ on Z Q whose lift onto the Legendre bundle Π is
Then we obtain its prolongation
onto the product (46), and take its vertical part
Let us regard it as a generalized vector field dependent on parameter functions u µ (q).
In accordance with Proposition 1, let us require that a Lagrangian L H is independent on coordinates on Q and possesses the gauge symmetry u V (47). Then its variational derivatives (42) of L H obey the Noether identities
which reduce to rather restrictive conditions
which a Hamiltonian H must satisfy. For instance, H = 0 if n = 1. In this case, momenta are scalars relative to transformations of q and, therefore, no function of them is a density with respect to these transformations.
5 Example. n = 1, 2
Given an m-dimensional manifold Z coordinated by (z A ), let us consider the jet manifold J 
Given a point (τ, z) ∈ R × Z, the relations (53) -(54) are exactly the correspondence between elements of a one-dimensional vector subspace of the tangent space T z Z and the corresponding element of the projective space of these subspaces.
In the above mentioned example of relativistic mechanics, the relations (53) -(54) are familiar equalities between three-and four-velocities. It should be emphasized that, in relativistic mechanics, one avoids the ambiguity between three-and four-velocities by means of the nonholonomic constraint
In a general setting, Lagrangian formalism on the jet manifold
a Lagrangian L is independent of τ , and it is variationally invariant under transformations reparametrizations τ ′ (τ ), i.e., its Euler-Lagrange operator obeys the Noether identity
For instance, let Z be a locally affine manifold, i.e., a toroidal cylinder R m−k × T k . Its tangent bundle can be provided with a constant nondegenerate fiber metric η AB . Then
is a Lagrangian on J 1 Z Q . It is easily justified that this Lagrangian satisfies the Noether identity (56). Furthermore, given a one-form A B dz B on Z, one can consider the Lagrangian
which also obeys the Noether identity (56). In relativistic mechanics, the Euler-Lagrange equations of the Lagrangians L (57) and L ′ (58) restricted to the constraint space (55) restart the familiar equations of motion of a free relativistic particle particle and a relativistic particle in the presence of an electromagnetic field A.
As was mentioned above, no Hamiltonian obeys the Noether identities (48) if n = 1. However, Hamiltonian relativistic mechanics can be developed in the framework of Hamiltonian theory of mechanical systems with nonholonomic constraints [15, 23, 24] . A key is that the constraint condition (55) is not preserved under transformations of τ , and a Hamiltonian of a mechanical system with this constraint need not satisfy the Noether identities (48).
In comparison with the case of one-dimensional submanifolds, a description of the Lagrangian and Hamiltonian dynamics of two-dimensional submanifolds follows general theory of n-dimensional submanifolds. This is the case of classical string theory [25, 26, 27] .
For instance, let Z be again an m-dimensional locally affine manifold, i.e., a toroidal cylinder R m−k × T k , and let Q be a two-dimensional manifold. As was mentioned above, the tangent bundle of Z can be provided with a constant nondegenerate fiber metric η AB . Let us consider the 2 × 2 matrix with the entries
Then its determinant provides a Lagrangian
on the jet manifold J 1 Z Q (13). This is the well known Nambu-Goto Lagrangian of string theory. It satisfies the Noether identities (31). Let
be a two-form on a manifold Z. Then
is a horizontal density on J 1 Z Q which can be treated as an interaction term of submanifolds and an external classical field F in a Lagrangian. Turn now to Hamiltonian theory of two-dimensional submanifolds on the momentum phase space Π (37). In this case, the Noether identities (48) take the form
For instance, let Z be the above mentioned toroidal cylinder whose cotangent bundle is provided with a constant nondegenerate fiber metric η AB . Let us consider the 2 × 2 matrix with the entries
Then its determinant provides a Hamiltonian
on the momentum phase space Π which satisfies the Noether identities (60. This Hamiltonian is associated to the Lagrangian (59).
